Unconventional monetary policy tools are based on the belief that there exists a zero-lower bound on interest rates. This paper argues, based on economic theory and the empirical evidence, that this belief is a myth and not a reality. It is shown that a negative default-free spot rate of interest is consistent with an arbitrage-free term structure evolution in a competitive and nearly frictionless market. It is not frictionless to the extent that consumers, …rms, non-bank …nancial institutions, and banks have some realistic constraints imposed on their trading activities.
Introduction
Unconventional monetary policy tools used by central banks, known as quantitative easing, are justi…ed based on the existence of a zero-lower bound for interest rates, see Bernanke [1] and Lenza, Pill, and Reichlin [10] . But does such a zero-lower bound exist? This paper argues no. It is argued that the existence of a zero-lower bound for interest rates is a myth, not justi…ed by either theoretical arguments or the empirical evidence. The intuition for this claim is simple. To exploit a negative default-free spot rate of interest and cause its elimination, consumers or …rms would need to simulataneously store cash and short the default-free money-market account. In reality, it is too costly for consumers to short a money market account (due to their credit risk) or for …rms to store large quantities of currency (due to storage costs). Although rare, negative interest rates can occur in stressed times when …rms seek to avoid credit risk on short-term investments. This intuition is proven below in the context of a Heath-Jarrow-Morton (HJM) [5] arbitrage-free term structure model.
The existence of a zero-lower bound is an important question because it a¤ects the models estimated for the term structure of interest rates. These models are used by central banks to forecast in ‡ation, to manage their bond portfolios, and to measure the success of their monetary activities. For example, these term structure models have been used to measure the success of the Federal Reserves'quantitative easing program, see Bernanke, Reinhart, and Sack [3] , Hamilton and Wu [4] , Jarrow and Li [8] , Joyce, Lasaosa, Stevens and Tong [9] , and Li and Wei, [11] . Second, these models are also extensively used by corporations and …nancial institutions to manage the interest rate risk of their asset and liability portfolios. Assuming the existence of a zero-lower bound when one does not exist, or conversely, will misspecify the term structure models estimated and it will generate incorrect term structure evolutions, which will lead to errors in government regulatory policy and private industry risk management decisions.
An outline of this paper is as follows. Section 2 presents the theoretical arguments for the non-existence of a zero-lower bound, and section 3 concludes by discussing the empirical evidence supporting this theoretical argument.
The Theory
To argue that a zero-lower bound on interest rates is a myth, we consider an arbitrage-free model for the evolution of the term structure of interest rates, known as the Heath-JarrowMorton (HJM) [5] model. This is a very general model. The standard HJM model, brie ‡y reviewed for subsequent comparison, does not include the trading of cash (currency). Following this review, we discuss two methods for extending an HJM model to include the trading of cash. The …rst extension only has consumers in the economy, while the second extension has consumers, …rms, non-bank …nancial institutions, and banks. These extensions have dramatically di¤erent implications for the existence of a zero-lower bound for interest rates.
The Standard Model
The standard HJM model for the term structure of interest rates is a dynamic, continuous time, and continuous trading model. Markets are assumed to be frictionless and competitive. Trading are default-free zero-coupon bonds of all maturities, with prices p(t; T ) for 0 t T < 1, and a money market account with value B(t). All prices are nominal. The HJM model characterizes the conditions on the economy (necessary and su¢ cient) such that the evolution of the term structure of zero-coupon bond prices is arbitrage-free.
In this economy, the money market account (mma) accumulates value at the defaultfree spot rate of interest, r(t), and is locally riskless. Intuitively, this means that at time t its return dB(t)=B(t) = r(t)dt over [t; t + dt] is known. In contrast, the returns dp(t; T )=p(t; T ) over [t; t + dt] on zero-coupon bonds with maturities T > t + dt are risky. The return on the zero-coupon bond with maturity T = t + dt is de…ned to be r(t), and this security is what the mma's funds are invested in and rolled over each period. The spot rate r(t) evolves randomly across time.
There is no credit risk in the trading of these securities. Since markets are frictionless and competitive, no distinction between consumers, …rms with production technologies, non-bank …nancial institutions, and banks is necessary.
Cash is de…ned as a traded asset that always has unit value (1) for all times t 2 [0; 1). It is well known that cash can not trade in this economy without introducing unlimited arbitrage opportunities. The reason is that cash is also locally (and globally) riskless, and two assets that are locally riskless cannot have di¤erent returns. Since the return on cash is identically zero, and r(t) ‡uctuates randomly and is di¤erent from zero, arbitrage exists. Indeed, suppose r(t) > 0, then an investor can short cash and use the proceeds to buy the mma. This is a zero initial investment portfolio that earns r(t) > 0 per dollars shorted. An in…nite number of dollars can be shorted. If r(t) < 0, the reverse trades generates arbitrage. The standard model, therefore, does not include cash. Because cash does not trade, negative spot rates are possible in such an economy.
In the estimation of such models, however, exogenous constraints on the evolution of the term structure can be imposed to exclude negative rates. The prime example is a square root process. But this is not a necessary condition for an arbitrage-free evolution in an HJM model. For example, the popular a¢ ne class of term structure models does not include such a restriction, see Jarrow [6] for a review.
Since the standard model does not include trading in cash, without modi…cation, it cannot be used to resolve the existence of a zero-lower bound on the spot rate of interest r(t). To do this, the HJM model needs to be extended to include the trading of cash.
A Consumer Economy
This section extends the standard HJM to include the trading of cash. As discussed in the previous section, the existence of an arbitrage-free evolution for the term structure of zero-coupon bond prices with maturities T > 0 is always possible. The existence of an arbitrage-free term structure of interest rates with cash, therefore, revolves around the simultaneous trading of both cash and the mma, which are both locally riskless securities. Unless other considerations are included within the model, the simultaneous trading of these two securities introduces potential arbitrage opportunities into the economy, making the economy inconsistent with the existence of an economic equilibrium.
To introduce these other considerations, it is necessary to identify the traders in the economy. In this regard, we assume that the economy is populated by consumers, who use cash for secondary activities that are outside the formal model structure. These secondary activities generate a convenience yield for holding cash. 1 The standard argument is that cash reduces transaction costs in the purchase of consumption goods.
The quantity of cash that a consumer needs for their purchases is bounded, since their consumption transactions are bounded and dependent on their endowments and preferences. To capture this restriction, we assume that the i th consumer's convenience yield is a function of the size of their cash holdings x, and denoted y i t (x) 0. In addition, it is assumed that y i t (x) is strictly decreasing in x with 2 y i t (0 + ) = 1 and y i t (x) = 0 for x c i t where c i t is the i th consumer's time t consumption, an exogenously given stochastic process.
To maintain the frictionless and competitive market setting as closely as possible, we assume that consumers can store cash costlessly, but they cannot short cash in this economy. Consumers can only short both bonds and the mma.
Given this structure, we can now discuss the existence of a zero-lower bound on the spot rate of interest. There are two cases to consider. 1 See Jarrow [7] for a discussion of convenience yields in arbitrage-free models. 1. Suppose that 0 r(t). Then, consumer i optimally chooses to hold cash balances x such that y i t (x ) = r(t). This equality holds for all consumers i. The existence of such an x is guaranteed by the assumptions on the convenience yield y i t (x). This equality implies there are no arbitrage opportunities in the trading of both cash and the mma when the spot rate is nonnegative.
2. Suppose that r(t) < 0. Then, there are unlimited arbitrage opportunities for any consumer i. Indeed, the consumer can short the mma paying r(t) and hold the proceeds in cash earning y i t (x) 0 for x 2 [0; c i t ]. Since both returns are locally riskless, this is an arbitrage opportunity. The investor can do this in unlimited quantities. Even though the convenience yield eventually falls to zero when the cash holdings exceed c i t , arbitrage returns are still generated because r(t) < 0.
This implies that to avoid unlimited arbitrage opportunities, r(t) 0. This argument is the standard justi…cation for a zero-lower bound on interest rates in a term structure model (for example, see Black [2] ). Consequently, this model provides a plausible justi…cation for the existence of a zero-lower bound on interest rates.
An Extended Consumer Economy
This section extends the HJM model to include consumers, …rms with production technologies, non-bank …nancial institutions, and banks. Here, the frictionless market assumption is modi…ed. Trading constraints are imposed to capture market realities formally outside the model structure. These trading constraints de…ne the various entities in the economy.
First, as in the consumer only economy, it is assumed that consumers can costlessly store cash. In the extension, however, they cannot short the mma or zero-coupon bonds. This constraint is imposed to capture the fact that shorting the mma or bonds by a consumer is very costly, due to credit risk, which is formally outside the structure of the model. Consumers have the same convenience yield y i t (x) as in the consumer only economy. Second, it is assumed that …rms with production technologies and non-bank …nancial institutions cannot store cash. This exogenous constraint captures the notion that …nancial institutions execute their transactions electronically, using funds from interest earning checking accounts. 3 Holding large quantities of cash is costly because it increases the likelihood of theft, and is therefore not standard practice.
Third, it is assumed that banks are the …nancial intermediaries that hold cash to satisfy the consumers'demands for cash. As such, a bank's cash holdings generate a convenience yield derived from the consumers' usage of alternative banking services. In particular, consumers hold demand deposits in banks, represented by an exogenous stochastic process d t 0. We assume that consumers obtain their cash holdings by liquidating a portion of their demand deposits.
Demand deposits are a source of capital for banks, and correspond to a short position in the mma. Beyond the bene…ts obtained from consumers, holding cash has signi…cant storage costs due to potential theft, and becomes prohibitively costly as the size of the bank's cash balances approach the magnitude of their demand deposits.
To capture these considerations, we assume that the bank's convenience yield from holding cash is a function of the size of their cash holdings x, and denoted y b t (x) 0 where y i t (x) is strictly decreasing in x with y b t (0 + ) = 1, y b t (d t ) = 1. In all other respects, the economy is identical to that in the standard HJM model. Trading in cash, the mma, and zero-coupon bonds is otherwise frictionless and competitive.
Let's consider if there exists a zero-lower bound on the spot rate of interest in this economy. First, for consumers we consider the same two cases.
1. If 0 r(t). As in the consumer only economy, consumers will adjust their optimal cash holdings x to satisfy y i t (x ) = r(t). No arbitrage opportunities exist.
2. If r(t) < 0. Now, this does not represent an arbitrage opportunity because consumers cannot short the mma. In this situation, consumers will increase their cash holdings to the largest position possible, i.e., to where the convenience yield becomes zero, i.e. x = c i t .
In both cases, no arbitrage opportunities exist for consumers. Next, let's consider …rms and non-bank …nancial institutions. Since they cannot store cash, no arbitrage opportunities exist for these entities if r(t) < 0. The question exists as to why …rms or non-bank …nancial institutions would hold a mma if the spot rate is negative. The answer relates to credit risk. If the risk of loss in alternative short-term investments is large enough, to avoid a loss of principal (even over [t; t + dt]), holding a mma is rational in such an economy.
Finally, let's consider banks. There are two cases to investigate.
If 0 r(t).
In this case, similar to consumers, the bank's optimal cash holdings x satisfy y b t (x ) = r(t) 0. No arbitrage opportunities exist.
2. If r(t) < 0. In this case, the bank will increase its cash holdings until the cost of storing cash equals the spot rate of interest, i.e., y b t (x ) = r(t) < 0. 4 Note that, due to the costs of storing signi…cant quantities of cash, cash's convenience yield becomes negative. No arbitrage opportunities exist here as well.
Consequently, these more realistic constraints on the trading activities of consumers, …rms, non-bank …nancial institutions, and banks in this economy make negative spot rates of interest consistent with an arbitrage-free economy.
From a modeling perspective, this economy is identical to the standard HJM economy with no cash. Although cash exists as a convenience for consumers'consumption purchases and it generates …nancial rewards to banks for …nancial intermediation, it has no impact on the arbitrage-free determination of the spot rate of interest, providing further theoretical support for the standard HJM model.
Conclusion
This section concludes the paper with an analysis of the empirical realities, and their consistency with the two di¤erent economies discussed above. Relevant in this regard is a quote from Solow [12] , "All theory depends on assumptions which are not quite true. That is what makes it theory. The art of successful theorizing is to make the inevitable simplifying assumptions in such a way that the …nal results are not very sensitive. A "crucial"assumption is one on which the conclusions do depend sensitively, and it is important that crucial assumptions be reasonably realistic. When the results of a theory seem to ‡ow speci…cally from a special crucial assumption, then if the assumption is dubious, the results are suspect."
We apply this reasoning to the above models. As shown therein, the assumption that …rms, non-bank …nancial institutions, and banks are distinct from consumers is a crucial assumption. It is pivotal with respect to the existence of a zero-lower bound on interest rates. Hence, which economy (set of assumptions) is a better approximation to the actual economy?
For reasons argued in the description of the extended consumer economy, we believe that the model with …rms, non-bank …nancial institutions, and banks is a closer approximation to the actual economy, implying that theoretical considerations alone support the claim that negative interest rates are consistent with an arbitrage-free economy. Although their occurrence is expected to be rare, i.e. happen with very small probability, the probability is nonetheless non-zero.
As further justi…cation for this model, we can turn to the empirical evidence. In this regard, we note that negative default-free spot rates of interest have occasionally occurred in …nancial markets. Indeed, negative rates on Treasuries were observed in each of November 2009, June 2011, and August 2011; 5 the Bank of New York Mellon paid negative deposit rates in August 2011; 6 and in December 2012, the Swiss bank Credit Suisse Group AG also paid negative rates on deposits. 7 These occurrences support the extended consumer economy as being the better approximation to our economy, justifying the statement that the zero-lower bound on interest rates is a myth, not a reality!
